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Note: The problems labeled with a star (★) are somewhat lengthy or tricky in the derivations. You are 
encouraged but not obligated to solve them for extra credits.  
(
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0.&1*2#3(45(!"#$%&'("&)*+%("#(+,$-**

./0*1"*&2$*3$%(4'&(5"*56*&2$*7"#$%&'("&)*+%("#(+,$8*9$*2'4$* -*

:,$';$*+%54$*&2'&*&2$*&$%<* *(;*',9 ');* '*%$',*"7<=$%-*.>("&?*@259*&2'&*&2$*#5<<7&'&5%*

(&;$,6*(;*'"*'"&(A>$%<(&('"*5+$%'&5%8*'"3*(&;*$B+$#&'&(5"*4',7$*(;*+7%$,)*(<'C("'%)-0*

.D0*E$6("$* * '"3* * .("* 92(#2*Q*(;* '")* +2);(#',* 5=;$%4'=,$8* '"3* (&;*

#5%%$;+5"3("C* 5+$%'&5%* 35$;* "5&* $B+,(#(&,)* 3$+$"3* 5"* &(<$08* +,$';$* +%54$* &2$* $"$%C)A&(<$*

7"#$%&'("&)*+%("#(+,$?* -* *#2'%'#&$%(F$;*&2$*'<57"&*56*&(<$*(&*&'G$;*&2'&*$B+$#&'&(5"*

4',7$*56*Q*&5*#2'"C$*=)*5"$*;&'"3'%3*3$4('&(5"-*

Hint?*H%)*&5*$4',7'&$*∆𝐻#∆𝑄%*6(%;&8*92(#2*%$I7(%$;*&𝐻#, 𝑄%(-*H2$*J2%$"6$;&*$I7'&(5"*56*<5&(5"*,("G;*

&𝐻#, 𝑄%(*9(&2*𝑑〈𝑄%〉 𝑑𝑡⁄ -*

.K0* L5<+7&$* *65%* &2$* 9'4$* 67"#&(5"* * . 08* '"3* 4',(3'&$* &2$*

7"#$%&'("&)*+%("#(+,$*("*&2(;*#';$-*M$<$<=$%*&5*"5%<',(F$*&2$*9'4$*67"#&(5"*6(%;&-*

! ;$67,*("&$C%',;?* * * * * * * * * * *

* * * * * * * * * *

*

0.&1*2#3(+5( L5";(3$%* '* +'%&(#,$*9(&2* <';;* m* <54("C* ("* 5"$A3(<$";(5"',* ;+'#$8* 9(&2* &2$*

>'<(,&5"('"? * -*H2$*';;5#('&$3*$"$%C)*$(C$"4',7$;*'%$*G"59"*&5*=$*En-*

./0*16* 8*92$%$*C*'"3* x0*'%$*&95*#5";&'"&;8*+,$';$*#5<+7&$*&2$*$B+$#&'&(5"*4',7$*
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56*G("$&(#*$"$%C)*65%*&2$*;&'&(5"'%)*;&'&$;*=)*7;("C*&2$*4(%(',*&2$5%$<-*

.D0*N59*,$&*7;*#5";(3$%*'"5&2$%*>'<(,&5"('"*8*92(#2*(;*'*<53(6(#'&(5"*56*?* *

.D'0*:,$';$* 7;$ *&2$* J2%$"6$;&* $I7'&(5"* 56* <5&(5"*&5*+%54$* &2'&* 65%* &2$* ;&'&(5"'%)* ;&'&$;*

C54$%"$3*=)* 8*&2$*$B+$#&'&(5"*4',7$*56*&2$*<5<$"&7<*(;*$I7',*&5*OP*-*

.D=0*:,$';$*7;$ *&2$*>$,,<'""AQ$)"<'"*&2$5%$<*&5*;5,4$*65%*&2$*$"$%C)*$(C$"4',7$;*65%*&2$*

;&'&(5"'%)*;&'&$;*C54$%"$3*=)*-*

.K0*Q5%*&2$*;&'&(5"'%)*;&'&$;*C54$%"$3*=)*&2$*C$"$%',*>'<(,&5"('"* 8*,$&*7;*3$6("$*

x0*';* &2$*$B+$#&'&(5"*4',7$*56*&2$*+5;(&(5"8*'"3*p0*';* &2$*$B+$#&'&(5"*4',7$*56*&2$*<5<$"&7<-*:,$';$*

7;$*&2$*J2%$"6$;&*&2$5%$<*&5*+%54$?*

.K'0*16*&2$*+5&$"&(',*V.x0*(;*I7'3%'&(#*'%57"3*x08*&2'&*(;8*(6*9$*#'"*&%7"#'&$*&2$*H'),5%*$B+'";(5"*

56*V.x0*&5*&2$*;$#5"3*5%3$%*'&*x = x08*&2$"*
!

!"
8*92(#2*2';*$B'#&,)*&2$*;'<$*65%<*';*

("*#,';;(#',*<$#2'"(#;-* * * **

.K=0*1"*C$"$%',8*&2$*+5&$"&(',*V.x0*(;*"5&*I7'3%'&(#-*16*9$*'%$*'=,$*&5*+'%&(&(5"*&2$*+5&$"&(',*("&5*

&95*+'%&;8*(-$-8*V.x0*R*VI.x0*S*VII.x08*&2$"*9$*2'4$*
!

!"
-*H2$*+2);(#',*

<$'"("C*56*&2(;*%$;7,&*(;*&2'&8*7",(G$*' *#,';;(#',*+'%&(#,$8*92(#2*%$;+5"3;*5",)*&5*&2$*65%#$*'&*x08*&2$*

I7'"&7<*+'%&(#,$*%$;+5"3;*&5*&2$*65%#$*.C$"$%'&("C*=)*VII0*'&*"$(C2=5%("C*+5("&;*';*9$,,-* **

*
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0.&1*2#3(75*L5";(3$%*&2$*65,,59("C*5+$%'&5%;?*

* * * * * *

./0*T2'&*'%$*&2$*+5;;(=,$*4',7$;*5"$*#'"*5=&'("*(6*Lz*(;*<$';7%$3U*

.D0*H'G$*&2$*;&'&$*("*92(#2*Lz*R*/-*1"*&2(;*;&'&$8*92'&*'%$* 〈𝐿#〉8* 〈𝐿#
$ 〉8*'"3 *∆𝐿#U*

.K0*Q("3* &2$* "5%<',(F$3* $(C$";&'&$;* '"3* &2$* $(C$"4',7$;* 56*Lx*("* Lz*=';(;-* .JB+%$;;* $'#2*Lx*

$(C$";&'&$*("*&$%<;*56*&2$*normalized*Lz*$(C$";&'&$;-0**
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.V0*16*&2$*+'%&(#,$*(;*("*&2$*;&'&$*9(&2*Lz*R*O/8*'"3*Lx*(;*<$';7%$38*92'&*'%$*&2$*+5;;(=,$*57&#5<$;*

'"3*&2$(%*+%5='=(,(&($;U**

.W0*L5";(3$%*&2$*;&'&$*|𝑛⟩ = 	4
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9 ("*&2$*Lz*=';(;-*16*Lz2*(;*<$';7%$3*("*&2(;*;&'&$*'"3*'*%$;7,&*

S/*(;*5=&'("$38*92'&*(;*&2$*;&'&$*'6&$%*&2$*<$';7%$<$"&U*>59*+%5='=,$*9';*&2(;*%$;7,&U*

*

0.&1*2#3(/ 5*X(4$"*&2$*65,,59("C*&95A,$4$,*;);&$<?*

*

9 2$%$* * '"3* * '%$*5%&25"5%<',*=';(;* '"3** (;* '*"7<=$%*9(&2*&2$*3(<$";(5";*56*$"$%C)-*

Q("3*&2$*$"$%C)*,$4$,;*'"3*$(C$";&'&$;*56*&2(;*;);&$<-*

*

0.&1*2#3(65*L5";(3$%*'*+'%&(#,$*.(C"5%$*(&;*5%=(&',*<5&(5"0*9(&2*&2$*65,,59("C*;+("*<'&%(#$;?*

* * * * * * * * * * * * * * *

9 2$%$* 8* * '"3* * '%$*&2$*&2%$$*7"(&*4$#&5%;*',5"C*&2$*x8*y8*'"3*z*'B(;-*T$*'++,)*'"*$B&$%"',*

;&'&(#*<'C"$&(#*6($,3* *5"*&2(;*+'%&(#,$-**

H2$*>'<(,&5"('"*65%*&2$*;);&$<*(;* 8*92$%$*μ*(;*'*+5;(&(4$*+2);(#',*#5";&'"&-*Y&*

t*R*Z8*&2(;*+'%&(#,$*(;*("*&2$*$(C$";&'&$*56*Sz8*(-$-8* -*T2'&*(;*&2$*+$%(53(#(&)*T*65%*&2$*

&5&',*;+("* *&5*6,(+*='#G*&5* U*

**
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./0*:%54$*&2'&*&2$*%(;("C*5+$%'&5%**("#%$';$;*&2$*$"$%C)*56*&2$*$(C$";&'&$* *=)* -*
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.D0*J4',7'&$* 8* 8* 8* * '"3* -*
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0.&1*2#3(95*L5";(3$%*'*/E*6%$$*+'%&(#,$*3$;#%(=$3*=)*&2$*65,,59("C*X'7;;('"*9'4$*+'#G$&?*

8*("*92(#2*a*[*Z*'"3*A*(;*&2$*"5%<',(F'&(5"*#5";&'"&-*

./0*L5<+7&$*&2$*"5%<',(F'&(5"*#5";&'"&*A-*

.D0*L5<+7&$*&2$*$B+$#&'&(5"*4',7$*56*x*'"3* x2*'&*t*R*Z-*

.K0* T%(&$* 359"* &2$*#5%%$;+5"3("C*<5<$"&7<* .k0* %$+%$;$"&'&(5"* 8* '"3* #5<+7&$* &2$*

$B+$#&'&(5"*4',7$* * '"3* -*E5*&2$)*#2'"C$*9(&2*&(<$U*

.V0*T2'&*(;*&2$*4',7$*56* * '&*t*R*ZU**

.W0*L5<+'%$*&2$*65%<*56* * '"3* 8*92'&*(;* U*

! ;$67,*("&$C%',?* **
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0.&1*2#3(: 5*\$&*7;*#5";(3$%*/E*;);&$<;-*1"*&2$*<5<$"&7<*%$+%$;$"&'&(5"8*9$*2'4$*&2$*65,,59("C*

%7,$;?* .' 0* 8* 92$%$* *(;* &2$* <5<$"&7<*=';(; -*N5&$* &2'&* ("* &$%<;* 56*p8* &2$*

"5%<',(F$3* +,'"$9'4$* (;* ]* .=0* ^%&25"5%<',(F'&(5"?* 8* ("*

92(#2* *(;*&2$*E(%'#*67"#&(5"-*

./0*T%(&$*359"*&2$*$B+%$;;(5"*65%*&2$*#55%3("'&$*5+$%'&5%**("*&2$*<5<$"&7<*;+'#$8*=';$3*5"*

&2$*#'"5"(#',*I7'"&(F'&(5"*#5"3(&(5"* -*

.D0*\$&*7;*3$"5&$*&2$*;);&$<*I7'"&7<*;&'&$*';* 8*'"3*&2$*$"$%C)*$(C$"$I7'&(5"*(;* -*
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H2$*$(C$"67"#&(5";*("*<5<$"&7<*;+'#$* * '%$*&2$*+%5_$#&(5"*56**("* : -** * * **

T%(&$*359"*&2$*$"$%C)*$(C$"$I7'&(5"*("*&2$*<5<$"&7<*%$+%$;$"&'&(5"*'"3*&2$*$B+%$;;(5"*65%*

&2$*<'&%(B*$,$<$"&* -*

★.K0*Y*3$$+*'&&%'#&(4$*+5&$"&(',*C$"$%'&$3*=)*'*+5("&*'&*x*R*Z*#'"*=$*<53$,$3*=)*&2$*E(%'#*3$,&'*

67"#&(5"*+5&$"&(',* 8*92$%$*V0*(;*'*#5";&'"&*.9(&2*&2$*7"(&*56*$"$%C)0-**

!;("C* &2$* $"$%C)* $(C$"$I7'&(5"* ("* &2$* <5<$"&7<*%$+%$;$"&'&(5"8* ;5,4$* 65%* &2$* $"$%C)*

$(C$"4',7$;*65%*&2$*=57"3*;&'&$;*.i.e.8*E*̀ *Z0-** * *!;$67,*("&$C%',?* ***

*
, &-*."&(9(

0.&1*2#3(; 5*Y*+'%&(#,$*9(&2*<';;*m*("*KE*(;*C54$%"$3*=)?* 8*("*92(#2*&2$*#5";&'"&*

8*! *(;*&2$*&5&',*,("$'%*<5<$"&7<8*'"3*r*(;*&2$*%'3(',*3(;&'"#$*6%5<*&2$*5%(C("-*:,$';$*;$+'%'&$*

&2$*4'%('=,$;*("*&2$*$"$%C)*$(C$"$I7'&(5"*7;("C*&2$*;+2$%(#',*#55%3("'&$;* 8*(-$-8*9%(&$*359"*

&2%$$*$(C$"$I7'&(5";8*$'#2*56*92(#2*5",)*3$+$"3;*5"*5"$*56*&2$*;+2$%(#',*#55%3("'&$; -*
*
0.&1*2#3(4<5*:%54$*&2'&*("*/E8*(6*&2$*+5&$"&(',*67"#&(5"*(;*'"*$4$"*67"#&(5"8*&2$"*&2$*9'4$67"#&(5";*

56*&2$*$(C$";&'&$;*<7;&*=$*$(&2$%*533*5%*$4$"-*
*
, &-*."&(: (

0 .&1*2#3(445(L5";(3$%*'*+'%&(#,$*9(&2*<';;*m*("*'*/E* 6("(&$*9$,,8*("*92(#2*&2$*+5&$"&(',*V.x0?*

*

9 2$%$*V0*(;*'*+5;(&(4$*#5";&'"&8*'"3*L*(;*&2$*,$"C&2*56*&2$*=5B-**

./0*Q5%*&2$*=57"3*;&'&$;*.E*̀ *Z08*;259*&2'&*&2$*$"$%C)*,$4$,;*;'&(;6)* * .65%*&2$*

even* * ("* 0*5%* *.65%*&2$*odd* * ("* 08*92$%$*
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⎪
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* '"3* -***

>("&?*!;$*&2$*;&'&$<$"&*("*a7$;&(5"*/Z*&5*#5";&%7#&*)57%*9'4$*67"#&(5";*9(&2*+%5+$%*;)<<$&%)-**

★.D0*Y%$*)57*C7'%'"&$$3*&5*2'4$*=57"3*;&'&$;*("*&2$*9$,,*65%*'")*+5;(&(4$*4',7$*56*V0*.V0*[*Z0U*

.K0*Q5%*&2$*;#'&&$%("C*;&'&$;*.&2$*+'%&(#,$*9(&2*&2$*$"$%C)*E*[*Z*(;*;255&("C*6%5<*&2$*,$6&*;(3$*56*&2$*

+5&$"&(',08*;259*&2'&*("*C$"$%',*&2$*&%'";<(;;(5"*+%5='=(,(&)*T*b*/ -**

T `*/ *(;*#',,$3*&2$*non-classical reflection-*.1<'C("$*&2'&*)57*;&'"3*'&*&2$*#,(66*'"3*&2%59*'*

=',,8*&2$*=',,*9(,,*+'%&(',,)*=$*=57"#$3*='#G*9(&257&*2(&&("C*'")&2("C-0*T2 '&*35$;*&2$*$"$%C)*E*"$$3*

&5*=$*.&2$*resonance*$"$%C)0*("*5%3$%*&5*,$&*&2$*9$,,*=$#5<$*+$%6$#&,)*&%'";+'%$"&8*(-$-8*T*R*/U*

α = −2mE
!

β =
2m(E +V0 )
!


